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Abstract We present a modular framework to analyze the innermost runtime complexity of
term rewrite systems automatically. Our method is based on the dependency pair framework
for termination analysis. In contrast to previous work, we developed a direct adaptation of
successful termination techniques from the dependency pair framework in order to use them
for complexity analysis. By extensive experimental results, we demonstrate the power of our
method compared to existing techniques.

1 Introduction

In practice, one is often not only interested in analyzing the termination of programs, but
one also wants to check whether algorithms terminate in reasonable (e.g., polynomial) time.
While termination of term rewrite systems (TRSs) is well studied, only recently first results
were obtained which adapt termination techniques in order to obtain polynomial complexity
bounds automatically, e.g., [2-5,7,10,17-19,22-24,26,29,30]. Here, [3,17-19] consider the
dependency pair (DP) method [1,11,12,16], which is one of the most popular termination
techniques for TRSs. Moreover, [30] introduces a similar modular approach for complexity
analysis based on relative rewriting. There is also a related area of implicit computational
complexity which aims at characterizing complexity classes, e.g., using type systems [21],
bottom-up logic programs [15], and also using termination techniques like dependency pairs
(e.g., [23]).

Techniques for automated termination analysis of term rewriting are very powerful and
have been successfully used to analyze termination of programs in many different languages
(e.g., Java [8, 28], Haskell [13], and Prolog [14]). Hence, by adapting these termination
techniques, the ultimate goal is to obtain approaches which can also analyze the complexity
of programs automatically.
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In this paper, we present a fresh adaptation of the DP framework for innermost runtime
complexity analysis [17]. We use a different notion of “dependency pairs” for complexity
analysis than previous works [3, 17, 19]. This allows us to adapt the termination techniques
(“processors”) of the DP framework in a much more direct way when using them for com-
plexity analysis. On the other hand, our approach is restricted to the innermost evaluation
strategy, whereas [3, 17, 19] also analyze runtime complexity of full rewriting. Like [30],
our method is modular (i.e., we can determine the complexity of a TRS by determining
the complexity of certain sub-problems and by returning the maximum of these complexi-
ties). But in contrast to [30], which allows to investigate derivational complexity [20], we
focus on innermost runtime complexity. In this way, we can inherit the modularity aspects
of the DP framework and benefit from its transformation techniques, which increases power
significantly.

A preliminary version of this paper appeared in [27]. The current paper extends [27]
substantially, e.g., by including proofs for all theorems, by two new processors for com-
plexity analysis (Thm. 32 and 34) and experiments to justify their significance, by detailed
information on the impact of the different processors in Sect. 6, and by several additional
remarks throughout the paper.

After introducing preliminaries in Sect. 2, in Sect. 3 we adapt the concept of depen-
dency pairs from termination analysis to so-called dependency tuples for complexity analy-
sis. While the DP framework for termination works on DP problems, we now work on DT
problems (Sect. 4). Sect. 5 adapts the processors of the DP framework in order to analyze the
complexity of DT problems. We implemented our contributions in the termination analyzer
AProVE. Due to the results of this paper, AProVE was the most powerful tool for innermost
runtime complexity analysis in the International Termination Competition in 2010 — 2012.
In Sect. 6 we report on extensive experiments where we compared our technique empirically
with previous approaches.

2 Runtime Complexity of Term Rewriting

See e.g. [6] for the basics of term rewriting, where we only consider finite rewrite systems.
Let 7(Z,V) be the set of all terms over a (finite) signature X and a set of variables V. We just
write 7 if X and V are clear from the context. The arity of a function symbol f € X is denoted
by ar(f) and the size of a term is |x| = 1 forx € V and |f(t1,...,t:)| = L+ |01+ ...+ |tal-
The derivation height of a term t w.r.t. a relation — is the length of the longest sequence of
—-steps starting with ¢, i.e., dh(z,—) =sup{n |3’ € T,r ="'}, cf. [20].

Here, for any set M C NU{®}, “supM” is the least upper bound of M and sup@ = 0.
Note that since we restricted ourselves to finite TRSs, the rewrite relation is finitely branch-
ing and thus, the set {n | 3 € T, —" ¢’} is infinite iff 7 starts an infinitely long sequence
of —-steps. Thus, dh(r,—) = @ iff ¢ is non-terminating w.r.t. the relation — (i.e., iff there
is an infinite reduction t — #; — #, — ...). Note that in the literature, dh is usually left unde-
fined for terms with non-terminating derivations. However, we extended it in order to treat
terminating and non-terminating terms in a uniform way.

Example 1 As an example, consider the TRS R = {dbl(0) — 0, dbl(s(x)) — s(s(dbl(x)))}.
Then dh(dbl(s"(0)), »r) = n+ 1, but dh(dbl"(s(0)), »r) =2"+n— L.

For a TRS R with defined symbols £;(R) = {root(¢) | { - re R },aterm f(t1,...,t,) is
basic if f € Z;(R) and 11,...,t, do not contain symbols from X,;(R). If R is clear from the
context, we just write X, instead of X;(R). So for R in Ex. 1, the basic terms are dbl(s"(0))



and dbl(s"(x)) for n € N, x € V. The innermost runtime complexity function ircg maps any
n € N to the length of a longest sequence of -»x-steps starting with a basic term ¢ with
|| < n. Here, “5>%” is the innermost rewrite relation and 7 is the set of all basic terms.

Definition 2 (ircg [17]) For a TRS R, its innermost runtime complexity function ircg :N—
NU{w} is ircg (n) = sup{dh(¢,>Rr) |t € Tg,|t| <n}.

If one only considers evaluations of basic terms, the (runtime) complexity of the TRS
R in Ex. 1 is linear (ircg (n) = n— 1 for n > 2). But if one also permits evaluations starting
with dbl"(s(0)), the complexity of the dbl-TRS is exponential.

When analyzing the complexity of programs, one is typically interested in evaluations
where a defined function like dbl is applied to data objects (i.e., terms without defined sym-
bols). Therefore, runtime complexity corresponds to the usual notion of “complexity” for
programs [4, 5]. Note that most termination techniques which transform programs to TRSs
(e.g., [8,13,14,28]) result in rewrite systems where one only regards innermost rewrite se-
quences. This also holds for techniques to analyze termination of languages like Haskell by
term rewriting [13], although Haskell has a lazy (outermost) evaluation strategy. Thus, we
restrict ourselves to innermost rewriting, since this suffices to analyze TRSs resulting from
the transformation of programs. So for any TRS R, we want to determine the asymptotic
complexity of the function irc.

Definition 3 (Asymptotic Complexities) Let € = {Poly, Pol;,Pol,...,?} with the order
Poly C Poly C Pol, ... C 7. Let C be the reflexive closure of . For any function
f:N—= NU{w} we define its complexity 1(f) € € as follows: 1(f) = Poly if k is the
smallest number with f(n) € O(n*) and 1(f) = ? if there is no such k. For any TRS R, we
define its complexity 1 as t1(ircg).

So the TRS R in Ex. 1 has linear complexity, i.e., ig = Pol;. As another example,

[T L)

consider the following TRS R where “m” stands for “minus”.

Example 4 m(x,y) —if(gt(x,y),x,y) gt(0,k) — false p(0)—0
if(true,x,y) = s(m(p(x),y)) gt(s(n),0) — true p(s(n))—n
if(false,x,y) —0 gt(s(n),s(k)) — gt(n,k)

Here, 1z = Pol, (e.g., m(s"(0),s(0)) starts evaluations of quadratic length).

In Def. 3, we restricted ourselves to polynomial complexity classes, because the under-
lying techniques that we use to generate suitable well-founded orders automatically result in
polynomial bounds. However, the approach could also be used for other complexity classes
(then the order C would have to be extended accordingly).

3 Dependency Tuples

In the DP method, for every f € X, one introduces a fresh symbol f* with ar(f) = ar(f*).
For a term ¢ = f(t1,...,t,) with f € X; we define ¥ = f¥(1;,....,1,) and let 7% = {* |
t € T,root(t) € £, }. Let Pos(t) contain all positions of # and let Posy(t) = {7 | € Pos(t),
root(t|z) € X4 }. Then for every rule £ — r with Posy(r) = {m, ..., }, its dependency pairs
are /¢ — r\grl, U /N r|§,n.

While DPs are used for termination, for complexity we have to regard all defined func-
tions in a right-hand side at once. The reason is that in order to estimate the derivation



height of a term corresponding to the left-hand side of a rule £ — r, we have to consider the
rewrite steps originating from r. Here, all subterms of r with defined root symbol may pos-
sibly be reduced and can thus contribute to the overall derivation height. Thus, we extend
the concept of weak dependency pairs [17-19] and only build a single dependency tuple
o [r|§rl ;.. 7|7,] for each £ — r. To avoid an extra treatment of tuples, for every n > 0,

we introduce a fresh compound symbol COM,, of arity n and use /% — COMn(r|§r1 . r|,rn

Definition 5 (Dependency Tuple) A dependency tuple is a rule of the form s* — Com,, (tl,
.15) for * tl, .th € T*. Let { — r be a rule with Posy(r) ={mi,...,m,}. Then DT (¢ —
) is defined to be £* — COMn(r|n1, r|§rn). To make DT (¢ — r) unique, we use a total
order < on positions where m; < ... < @,. Fora TRS R, let DT(R) = {DT({ —r) | { —
reR}.

Example 6 For the TRS R from Ex. 4, DT (R) is the following set of rules.

m¥ (x,y) — CoMa (if (gt (x, ), x,y), gt (x,y)) (1) p*(0) — Comp )

if’ (true,x,y) — COMa (m?(p(x),y),p* (x)) @) pH(s(n)) — Comp ®)
it (false, x,y) — COMy 3) gtﬁ(o,k) — CoMy (6)
gt*(s(n),0) — CoMy (7

gt!(s(n),s(k)) — Com, (gt*(n,k)) (8)

For termination, one analyzes chains of DPs, which correspond to sequences of function
calls that can occur in reductions. Since DTs represent several DPs, we now obtain chain
trees.

Definition 7 (Chain Tree) Let D be a set of DTs and R be a TRS. Let T be a (possibly
infinite) tree whose nodes are labeled with both a DT from D and a substitution. Let the
root node be labeled with (s* — COM,(...) | 6). Then T is a (D, R)-chain tree for s*c if
the following holds for all nodes of T': If a node is labeled with (uf — COM,,(v,...,vh) |
), then ufy is in normal form w.rt. R. Moreover, if this node has the children (pj1 —
CoMp, (...) | 11),-.-, (p,ﬁ{ — COMyy,, (...) | 7). then there are pairwise different! iy, ..., i €
{1,...,m} with v?/,/.t S pi-?:j forall j€{l,...,k}. A pathin the chain tree is called a chain.

Example 8 For the TRS R from Ex. 4 and its DTs from Ex. 6, the tree in Fig. 1 is a
(DT(R),R)-chain tree for m(s(0),0). Here, we use substitutions with ¢ (x) = s(0) and

o(y) =0, 7(x) = 7(y) = 0, and u(n) = u(k) = 0.

Note that the chains in Def. 7 correspond to “innermost chains” in the DP framework
[1,11,12]. When considering full instead of innermost rewriting, the DP framework uses a
different notion of chains where, e.g., ut 1 would not have to be in normal form. However, in
contrast to other techniques for complexity analysis with dependency pairs [3, 17-19], our
approach is inherently restricted to the innermost rewrite strategy.

For any term st € T*, we now define its complexity as the maximal number of nodes in
any chain tree for st. However, sometimes we do not want to count all DTs in the chain tree,
but only the DTs from some subset S. This will be crucial to adapt termination techniques
for complexity, cf. Sect. 5.2 and 5.4.

' One could also allow chain trees where i1,...,i; do not have to be pairwise different. But Thm. 12
shows that for complexity analysis, it is already sufficient to consider just chain trees with pairwise different
iy bk
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Fig.1 Chain tree for the TRS from Ex. 4

Definition 9 (Complexity of Terms, Cplxp s ), |T|s) Let D be a set of dependency tu-

ples, S C D, R aTRS, and s* € T*. For a chain tree T, |T|s € NU{w} denotes the number
of nodes in T that are labeled with a DT from S. We define Cplxp s ) (s") =sup{|T|s | T

is a (D, R)-chain tree for s*}. In other words, Cplxip s ) (s*) is the maximal number of

nodes from S occurring in any (D, R)-chain tree for . For terms s* without a (D, R)-chain
tree, we define Cplx(p s Rr) (s") =0.

Example 10 For R from Ex. 4, we have Cplx<DT<R>_’DT(R)7R>(mﬂ(s(0)70)) =7, since the
maximal tree for m#(s(0),0) in Fig. 1 has 7 nodes. In contrast, if S is DT (R) without the
gt*-DTs (6) — (8), then Cplx pr(r) s.r)(M*(s(0),0)) = 5.

Dependency tuples can be used to approximate the derivation heights of terms. The
reason is that every actual reduction corresponds to a chain tree. However, the converse
does not hold, i.e., there exist chain trees that do not correspond to an actual reduction.

Example 11 To see this, consider the non-confluent TRS R

f(s(x)) — f(g(x)) () glx) —x (10) g(x) = a(f(x)) (11)
with the DTs
(s(x)) — CoMa (f(g(x)),g*(x))  (12) g*(x) — CoM, (f(x))  (13)

Chain trees do not take into account that the subterms g(x) and g(x) in the right-hand side
of (12) have to be evaluated in the same way. Thus, for the substitution ¢ with o (x) = s(x),
there is a chain tree with the root ((12) | o) and the children ((12) | id) and ((13) | ), where
id is the identical substitution. Here the step from ((12) | o) to ((12) | id) corresponds to a
reduction of the subterm g(s(x)) with rule (10), whereas the step from ((12) | 6) to ((13) | o)
corresponds to a reduction of g(s(x)) with rule (11). Note that ((13) | o) then again has a
child ((12) | id). Thus, for this example the size of chain trees can be exponential (i.e., we
have Cplxpr(r).pr(R),R) (ff(s"(0))) = 27! —2), although the runtime complexity of R is
linear.

Thm. 12 proves that Cplxpr(r) pr(R),R) (%) is indeed an upper bound for #’s derivation
height w.r.t. >, provided that 7 is in argument normal form. Here, a term ¢t = f(z1,...,f,)
is in argument normal form iff all t; are normal forms w.r.t. R. Thus, all basic terms are in
argument normal form, but in addition, a term f(fy,...,f,) in argument normal form may
also have defined symbols in the #;, as long as these subterms cannot be reduced further. This
generalized form of basic terms is needed for the proof of Thm. 12.



Theorem 12 (Cplx bounds Derivation Height) Let R be a TRS. Let t = f(t1,...,t,) € T
be in argument normal form. Then we have dh(t,»r) < Cplxpr(r) pr(R),R) (t*). If R is

confluent, we have dh(t, 5 ) = Cplx\pr(R).pT(R),R) ().

Proof We first consider the case where dh(r,+z ) = @. As ¢ is in argument normal form,
thereis a /; — r; € R and a substitution &, such thatz = ¢, 0y > r 0y and dh(r oy, l>7g) =
®. Thus, there exists a minimal subterm r 6|z, of r1 6y such that dh(r; 01|z, i%73) = and
all proper subterms of 1 01|z, are innermost terminating. Since oy instantiates all variables
with normal forms, we have 71 € Posg(r1), i.e., r101 |z, = ri|z, 01. In the infinite innermost
reduction of 7|z, 01, again all arguments are normalized first, leading to a term ¢/ with
dh(t’,i%R) = m. As ¢ is in argument normal form, there is again a rule ¢; — r, € R and
a substitution o, such that ' = ¢,65 5% r,05 and dh(rsz,—ng) = . Continuing in this
way, one obtains an infinite chain

(65 = CoMy (o.oyrifays- ) [ G1), (65— COMyy (.. yralhys. ) | G2),

So there is an infinite chain tree for Zu o1 = ¥ and hence, Cplxpr(R),pT(R),R) (") = o.
For the case that dh(r,->g) is finite, we proceed by induction on dh(z,-s5). If
dh(z,455) is 0, then 7 is in R-normal form. Thus, ¢# is in normal form w.r.t. DT(R)UR

and Cplx pr () pr(r),R) (1) =0.
Otherwise, as ¢ is in argument normal form, there exists a rule £ — r € R and a substi-
tution o such thatt = {6 - ro = u and
dh(r,5») = 14dh(u, Hz). (14)

For a term s, we denote b sll a maximal argument normal form of s, i.e., s{} is an argument
normal form such that s —>R s{ and such that for all argument normal forms s’ with s 5%
s/, we have dh(s’, 5= ) < dh(s{}, % ). Here, “ ’—>R” denotes innermost reductions below
the root position. By induction on «, one can easily show that

dh(u,R) < Zrepos,u) dh(u|zll, R ) (15)

holds (with “=" instead of “<” if R is confluent). As ¢ instantiates all variables by normal
forms, u|z = ro|z is in normal form for all £ € Posy(u) \ Posy(r). For such 7, the fact that
u|z is in normal form implies u|7|} = u|z and dh(u|z,~>% ) = 0. Hence, from (15) we obtain
dh(ua L>'R) < ZﬂePosd(u) dh(ulﬁUw*)R)
= EnePoxd(u)\Pmd(r dh(u‘ﬂ“véR) + ZﬂePosd (r) dh(”|ﬂll7 I%R)
= ZEEPoxd(u)\Pmd( dh( ‘TE’_MQ) + ZﬂGPmd( dh(u|n’li: _>'R)
(n dh(ulzlh, HR). 16)

Note that dh(u| |}, *+%) < dh(u, ) < dh(z, 55 ) for all T € Posy(r). So from the induc-
tion hypothesis, (14), and (16) we obtain

dh(t,>r) = 1+dh(u, ) < 1+ Zzepos, () CP pr(R) DT(R).R) U2l (17)

= Z:nePosd r

Let Posy(r) = {71:17 ..., T, }. Then there exists a chain tree for t* where the root node is
(F — COM,,(r|,r1 . r\:,t,n) | o) and where the children of the root node are (maximal) chain
trees for u|z, |, ..., u|z, |}*. The reason is that r|z,6 = ul|;, and hence r\frl.c l)*R u) 7, ¥ for

alli € {1,...,n}. So, together with (17) we have

dh(t,-5=) < Cplxpr(r) pT(R)R) ()

with “=""instead of “<” for confluent R. O



Compared to the weak DPs of [17-19], DTs have the advantage that they allow a
more direct adaptation of termination techniques (“DP processors”) for complexity anal-
ysis. While weak DPs also use compound symbols, they only consider the ropmost defined
function symbols in right-hand sides of rules. Hence, [17-19] does not use DP concepts
when defined functions occur nested on right-hand sides (as in the m- and the first if-rule)
and thus, it cannot fully benefit from the advantages of the DP technique. Instead, [17-19]
has to impose several restrictions which are not needed in our approach (cf. the discussion in
Sect. 5.2 after Thm. 26). In contrast, the termination techniques of the DP framework can be
directly extended in order to work on DTs (i.e., in order to analyze Cplx pr(r) pr(R)R) (")
for all basic terms ¢ of a certain size). Using Thm. 12, this yields an upper bound for the
complexity 1z of the TRS R, cf. Thm. 16.

On the other hand, weak DPs have the advantage that they can also be used to analyze
the runtime complexity of full rewriting (whereas DTs are restricted to innermost rewriting)
and DTs may also lead to less precise results when analyzing non-confluent TRSs. As shown
in Ex. 11, there exist non-confluent TRSs where Cplxpr(r) pr(r)R) (t%) is exponentially
larger than dh(z, 5% ) (in contrast to [17-19], where the step from TRSs to weak DPs does
not change the complexity). However, our main interest is in TRSs resulting from “typical”
programs, which are confluent and use an innermost evaluation strategy. Here, the step from
TRSs to DTs does not “lose” anything (i.e., one has equality in Thm. 12).

4 DT Problems

Our goal is to find out automatically how large Cplx p s ) (t*) could be for basic terms ¢
of size n. To this end, we will repeatedly replace the triple (D,S,R) by “simpler” triples
(D',S',R') and examine Cplx pr s »ry (%) instead.

This is similar to the DP framework where termination problems are represented by so-
called DP problems (consisting of a set of DPs and a set of rules) and where DP problems are
transformed into “simpler” DP problems repeatedly. For complexity analysis, we consider
“DT problems” instead of “DP problems” (our “DT problems” are similar to the “complexity
problems” of [30]). As before, the set S in a DT problem (D, S, R) denotes those DTs that
should be counted for complexity.

Definition 13 (DT Problem) Let R be a TRS, D a set of DTs, S C D. Then (D,S,R)is a
DT problem and R’s canonical DT problem is (DT (R),DT (R),R).

Thm. 12 showed the connection between the derivation height of a term and the maximal
number of nodes in a chain tree. This leads to the definition of the complexity of a DT
problem (D,S,R). It is defined as the asymptotic complexity of the function irc(p s R)
which maps any number 7 to the maximal number of S-nodes in any (D, R)-chain tree for
! where ¢ is a basic term of at most size 7.

Definition 14 (Complexity of DT Problems) For a DT problem (D, S, R), its complexity
function is ircp s zy(n) = sup{ Cplxp s »y(1*) | t € Tp, |t| < n}. We define the complexity
Up.sr) of the DT problem as i(irc/p s r))-

Note that obviously, S C &, implies yp s, R) & UD,5,,R)-

Example 15 Consider R from Ex. 4 and let D = DT(R) = {(1),...,(8)}. Fort € Tp with
|t| = n, the maximal chain tree fort* has approximately n* nodes, i.e., irc(p pry(n) c0(n?).
Thus, (D, D, R)’s complexity is Lp p ry=Pola.



Thm. 16 shows that to analyze the complexity of a TRS R, it suffices to analyze the
complexity of its canonical DT problem.

Theorem 16 (Upper bound for TRSs via Canonical DT Problems) Let R be a TRS and
let (D, D, R) be the corresponding canonical DT problem. Then we have 1x C Up,p.R) and
if R is confluent, we have 1r = Up p R).-

Proof For any n € N, irc (n) = sup{dh(r, 55 ) |t € Tz, || <n} < sup{ Cplx;p p R) (1) |
t € T, |t| < n} = ircip p ry(n) by Thm. 12, with equality if R is confluent. Thus, 1z =
1(irer) C 1(ircip p,r)) = Up,p,r) and if R is confluent, we even have ir = tp pr). O

Now we can introduce our notion of processors which is analogous to the “DP proces-
sors” for termination [11, 12] (and related to the “complexity problem processors” in [30]).
A DT processor transforms a DT problem P to a pair (c,P’) of an asymptotic complexity
¢ € ¢ and a DT problem P’, such that P’s complexity is bounded by the maximum of ¢ and
of the complexity of P’.

Definition 17 (Processor, &) A DT processor PROC is a function PROC(P) = (¢, P') map-
ping any DT problem P to a complexity ¢ € € and a DT problem P’. A processor is sound
if 1p C c @ 1pr. Here, “®” is the “maximum” function on €, i.e., for any c,d € €, we define
c®d=dif cC dand c®d = c otherwise.

The following lemma about the connection between 1p s ) and the operation @ will
be useful in the proofs later on.

Lemma 18 (Connection between 1p s ) and )

(a) Let f and g be functions from N to NU{@}. Then 1(f) ®1(g) =1(f +g).
(b) Forany S1,S> C D, we have Up,5,R) DUD.S, R) = UD,5,US,,R)-

Proof For (a), 1(g) C 1(f) implies 1(f+g) =1(f) and 1(f) C 1(g) implies 1(f +g) = 1(g).

For (b), let #f € 7% and let m be the maximal number of nodes from S; U S, occurring
in any (D, R)-chain tree for f%, i.e., Cplxp s,u8,R) (t*) = m. Similarly, let m; and m, be
the maximal numbers of nodes from S; resp. S, occurring in (D, R)-chain trees for i ie.,
Cplxp.s, R) () = my and Cplxp s, R) (t*) = my. When extending “<” and “+” to NU
{@}, we have sup{my,my} <m <mj+my, ie.,sup{Cplxp s, »)(1*),Cplxp s, R) ()} <
Cplxp s,u8,R) () < Cplxp s, R) (1) + Cplxp s, r) (t*). So on the one hand, we have
sup{ircazs1 R) (n),ircm,szﬂg) (n)} < irc(p s,u8,,R) (n) for all n€N which means UD.S) R)
® yp,s, ) = Lircip s, r)) ®ilircips, r)) E Lireps,us, r)) = Up.s,us,R)- On the
other hand, we have irc(p s,us, ®) (1) <irc(p s, r)(n) +ircip s, r) () for all n € N which
means lp s,us,R) = L(ir¢(p s,us,,r)) E tircip s, r) +ircip.s, r)y) = tircip s, r)) ©
t(ircip.s, R)) = Up,5,.R) ©UD,S,R) DY (). O

To analyze the complexity 1z of a TRS R, we start with the canonical DT problem
Py = (DT(R),DT(R),R). Then we apply a sound processor to Py which yields a result
(c1,Pr). Afterwards, we apply another (possibly different) sound processor to P; which
yields (¢, P»), etc. This is repeated until we obtain a solved DT problem (whose complexity
is obviously Polp).

Definition 19 (Proof Chain, Solved DT Problem) We call a DT problem P = (D,S,R)
solved if S = @. A proof chain is a finite sequence Py N R TR P, ending with a

solved DT problem P, such that for all 0 < i < k there exists a sound processor PROC; with
PROC;(P;) = (¢i+1,Pit1).-



By Def. 17 and 19, for every P, in a proof chain, ¢;11 & ... & ¢ is an upper bound for its
complexity ip,. Here, the empty sum (for i = k) is defined as Poly.

Theorem 20 (Approximating Complexity by Proof Chain) Let P, L3 X P be a
proof chain. Then 1py Ec; © ... D cy.

Proof The theorem can easily be proved by induction on k. O
Thm. 16 and 20 now imply that our approach for complexity analysis is correct.

Corollary 21 (Correctness of Approach) If Py is the canonical DT problem for a TRS R
and Py &% P, is a proof chain, then i Cc1 @ ... D¢y

Of course, one could also define DT processors that transform a DT problem P into a
complexity ¢ and a set {P[,...,P,} such that tp C ¢ ® pr©...Olp. Then instead of a proof
chain one would obtain a proof tree and Cor. 21 would have to be adapted accordingly.

5 DT Processors

In this section, we present several processors to simplify DT problems automatically. To this
end, we adapt processors of the DP framework for termination.

The usable rules processor (Sect. 5.1) simplifies a problem (D, S, R) by deleting rules
from R. The reduction pair processor (Sect. 5.2) removes DTs from S, based on term orders.
In Sect. 5.3 we introduce the dependency graph, on which the leaf removal, rhs simplifica-
tion, unreachable DT removal, and knowledge propagation (Sect. 5.4) processors are based.
Finally, Sect. 5.5 adapts processors based on transformations like narrowing.

5.1 Usable Rules Processor

As in termination analysis, we can restrict ourselves to those rewrite rules that can be used
to reduce right-hand sides of DTs (when instantiating their variables with normal forms).
This leads to the notion of usable rules.

Definition 22 (Usable Rules U/ [1]) For a TRS R and any symbol f, let Rlsg (f) = {{ —
r | root(¢) = f}. For any term ¢, Ug (¢) is the smallest set with

o Ur(x)=@ifxeVand
L4 L{R(f(tlv’ .. 7tn)) = RISR(f) U U[ﬂreRlsR(f)uR(r) UUlgignMR(ti)

For any set D of DTs, we define Ug (D) = Uy_yrep UR(F).

So for R and DT (R) in Ex. 4 and 6, Ur (DT (R)) contains just the gt- and the p-rules.
The following processor removes non-usable rules from DT problems.

Theorem 23 (Usable Rules Processor) Let (D,S,R) be a DT problem. Then the following
processor is sound: PROC((D,S,R)) = (Poly, (D, S,Ur (D))).

Proof We have to prove p s r) = Polo ® Up s 14 (p))- This is equivalent to (irc(p s 7))
C 1(irc(p,s 14z (p)))- This holds, since for all S C D, we have ircip s r) = ir¢(p s 147 (D))-
The reason is that in a chain tree, variables are always instantiated with normal forms. O



So when applying the usable rules processor on the canonical DT problem (D, D, R) of
R from Ex. 4, we obtain (D, D, R|) where R, are the gt- and p-rules.

The idea of applying usable rules also for complexity analysis is due to [17], which
introduced a technique similar to Thm. 23. While Def. 22 is the most basic definition of
usable rules, the processor of Thm. 23 can also be used with more sophisticated definitions
of “usable rules” (e.g., as in [12]).

5.2 Reduction Pair Processor

Using orders is one of the most important methods for termination or complexity analysis. In
the most basic approach, one tries to find a well-founded order > such that every reduction
step (strictly) decreases w.r.t. >. This proves termination and most reduction orders also
imply some complexity bound, cf. e.g. [7,20]. However, direct applications of orders have
two main drawbacks: The obtained bounds are often far too high to be useful and there are
many TRSs that cannot be oriented strictly with standard orders amenable to automation,
cf. [30].

Therefore, the reduction pair processor of the DP framework only requires a strict de-
crease (w.r.t. >) for at least one DP, while for all other DPs and rules, a weak decrease (w.r.t.
7-) suffices. Making the rules weakly decreasing ensures that one has a weak decrease when
going from one dependency pair to the next in a chain. Thus, the strictly decreasing DPs can
only occur finitely often in chains and can therefore be deleted. Afterwards one can use other
orders (or termination techniques) to solve the remaining DP problem. To adapt the reduc-
tion pair processor for complexity analysis, we have to restrict ourselves to COM-monotonic
orders. (In [17] “CoM-monotonic” is called “safe”.)

Definition 24 (Reduction Pair) A reduction pair (7Z,>) consists of a stable monotonic
quasi-order 7~ and a stable well-founded order > which are compatible (i.e., ZZo =027 C ).
An order > is COM-monotonic iff COM,,(sq, e ,sf, . ,sg,) - COM,,(st}7. R SO ,sg) for all
neNall1 <i<nandalls,... sh* € T? with s =%, A reduction pair (=5, >) is COM-
monotonic iff > is COM-monotonic. For a reduction pair (2Z,>) and a set D of DTs, we
write D, =D N> and D =DNZ.

For a DT problem (D, S, R), we orient DUR by Z or >. But in contrast to the reduction
pair processor for termination, if a DT is oriented strictly, we may not remove it from D, but
only from S. So the DT is not counted anymore for complexity, but it may still be used in
reductions. We will improve this later in Sect. 5.4.

Example 25 This TRS R shows why DTs may not be removed from D. (An alternative such
example is shown in [9, Ex. 11].)

f0)»0  f(s(x) > flid(x))  id(0) =0 id(s(x)) — s(id(x))

Let D=DT(R) = {ff(0) — CoMy, f(s(x)) = Comy(f(id(x)),id*(x)), id*(0) — CoMy,
id®(s(x)) — CoM; (id?(x))}, where U (D) are just the id-rules. For the DT problem (D, S,
Ur (D)) with S = D, there is a linear polynomial interpretation [-] that orients the first two
DT strictly and the remaining DTs and usable rules weakly: [0] =0, [s](x) = x+ 1, [id](x) =
x, [f](x) = x+ 1, [id*] (x) = 0, [CoMg] = 0, [COM](x) = x,[COM,](x,y) = x + y. If one re-
moved the first two DTs from D, there would be another linear polynomial interpretation
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that orients the remaining DTs strictly (e.g., by [id®](x) = x + 1). Then, one would falsely
conclude that the whole TRS has linear runtime complexity.

Hence, the first two DTs should only be removed from S, not from D. This results in
(D,S",Ur (D)) where S’ consists of the last two DTs. These DTs can occur quadratically
often in reductions with DUUx (D). Hence, when trying to orient S’ strictly and the remain-
ing DTs and usable rules weakly, we have to use a quadratic polynomial interpretation (e.g.,
0] = 0,[s](x) = x+2,[id](x) = x,[f*](x) = 22, [id*] (x) = x+ 1,[COMo] = 0,[CoM;](x) =
x,[CoMp|(x,y) = x+). Thus, now we (correctly) conclude that the TRS has quadratic run-
time complexity (indeed, dh(f(s"(0)), >z ) = %).

So when applying the reduction pair processor to (D,S,R), we get (¢,(D,S\ D-,
R)). Here, ¢ is an upper bound for the number of D, -steps in innermost reductions with
DUR.

Theorem 26 (Reduction Pair Processor) Ler P = (D,S,R) be a DT problem and (7,
>=) be a COM-monotonic reduction pair. Let D C 72U =, R C z, and ¢ J1(ircy.) for the
function irc. (n) = sup{dh(t*, =) | t € T, |t| < n}. Then the following processor is sound:
PROC( <Dv$7R>) = (Ca <D7 8\D>-a R>)

Proof To prove soundness, we have to show that yp sR) C ¢® ip.s\p, ,r) holds. It
suffices to show 1p p_ ) C t(irc..), since then 1p s ) C Up sup, R) = Up,D. R) D
l(D,S\D>,R> C l(iI‘C>) ©® l('D,S\D>,R) Ccd l(D‘S\D>,R> by Lemma 18 (b)

To prove ypp, r) T 1(irc,. ), let s € Tp be a basic term and consider an arbitrary
innermost (D U R)-reduction sequence starting with st. All terms in such a reduction se-

quence are of the form C [tf, e ,ﬁl} for a context C consisting only of compound symbols

andt?,...,t,u, eTe.

As > is CoM-monotonic, all D-steps in such a reduction sequence take place on mono-
tonic positions. So if u i%p> v is a rewrite step in an innermost (DU R )-reduction of s*, then
u > v. On the other hand, - is monotonic, too. Hence, u —p, g v implies u 2- v. Now let

Sjj = S0 —i>v0 o Lﬂk S1 l>V1 11 L)% 52 ...
be a (finite or infinite) innermost (D UR)-reduction, where v; € D for all i. Then

St:SO =0 fo 7S b i §2 ...

~

holds. Here “->;" is “>" if v; € D and “¥” otherwise. Let n; < np < ... be the indexes
where “>=n; = >. For each n; we have Sp; > In- As o= o0 C =, we obtain s* > Iy, =
tn, > ... and therefore dh(s*, =) > dh(t,,,=) > dh(t,,>) > ... or dh(s*,~) = . Hence,
irc>ﬁ(|st|) is an upper bound on the number of D,_-steps in any innermost (DU R )-reduction
of s*.

Moreover, Cplx(p s r) (s%) is the maximal number of S-steps in any innermost (DU
R)-reduction of s*. Hence, Cplxipp._ Rr) (s*) < irc, (|s*]) for all s € Tp. This implies
irc(p p,_ Rr)(n) <irc.(n) for all n and hence, 1p p,_ ) = L(ircipp,_r)) C t(irc.). O

Note that our reduction pair processor is much closer to the original processor of the
DP framework than [17]. In [17, Cor. 18], all (weak) DPs and the usable rules have to be
oriented strictly in one go with the same order and this order has to be monotonic on all
symbols. (In [19], the authors weaken this to monotonicity on only those positions below
which rewriting can take place.) In [17, Thm. 3], again all (weak) DPs and the usable rules
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have to be oriented strictly in one go, but with two different orders. However, here one
is restricted to non-duplicating TRSs. The idea of not removing strictly oriented rules but
only avoiding to count them for complexity is also used in [30], i.e., here we integrate an
approach of [30] as a processor. However, [30] treats derivational complexity instead of
(innermost) runtime complexity, and it operates directly on TRSs and not on DPs or DTs.
Therefore, [30] has to impose stronger restrictions (it requires > to be monotonic on all
symbols) and it cannot use other DP- resp. DT-based processors.

As noted by [25], the condition “c J1(irc. ) for the function irc, (n) = sup{ dh(z*,>) |
t € Tp,|t| < n} in Thm. 26 can be weakened by replacing dh(,~) with dh(z%, - N l>D/R),
where —p/r = =% 0o —po—5 and l)p/R is the restriction of —p, Wwhere in each
rewrite step with — or —p, the arguments of the redex must be in (D UR)-normal form,
cf. [3]. Such a weakening is required to use reduction pairs based on path orders where a
term ¢ may start ~-decreasing sequences of arbitrary (finite) length.

To automate Thm. 26, we need reduction pairs (2Z,>) where an upper bound ¢ for
1(irc,. ) is easy to compute. This holds for reduction pairs based on polynomial interpre-
tations with coefficients from N (which are well suited for automation). For COM-monoto-
nicity, we restrict ourselves to complexity polynomial interpretations (CPIs) [-] where
[COM,](x1,...,%:) = x1 +...+x, for all n € N. This is the “smallest” polynomial which
is monotonic in x1, ..., x,. As COM,, only occurs on right-hand sides of inequalities, [COM,,]
should be as small as possible.

Moreover, a CPI interprets constructors f € X\ Z; by polynomials [f](x,...,x,) =
aixi + ...+ apx, +b where b € N and a; € {0,1}. This ensures that the mapping from
constructor ground terms ¢t € T (X \ X4, 2) to their interpretations is in O(|¢|), cf. [7,20].
Note that the interpretations in Ex. 25 were CPIs.

Thm. 27 shows how such interpretations can be used for the processor of Thm. 26. Here,
as an upper bound c¢ for 1(irc,. ), one can simply take Pol,,, where m is the maximal degree
of the polynomials in the interpretation.

Theorem 27 (Reduction Pair Processor with Polynomial Interpretations) Ler P = (D,
8,R) be a DT problem and let 7, and > be induced by a CPI []. Let m € N be the maximal
degree of all polynomials [f%], for all f* with f € £4. Let D C 7=U > and R C =. Then the
following processor is sound: PROC({D,S,R)) = (Poly, (D, S\ Ds, R)).

Proof CPIs are obviously COM-monotonic. Hence, it remains to prove that Pol,, 3 1(irc,.)
holds. Let [-], be a variant of the polynomial interpretation which maps every variable to 0.
Then we have dh(t,>) < [t], for all terms ¢. Thus,

irc, (n) < sup{[t*], | 7 € Tp and |t| < n}. (18)

Let byqy be the maximum of all [f](0,...,0), for all constructors f € X\ X;. Then for
every term s containing only constructors and variables, we obtain [s]y < byqy - |s], where |s]|
is again the size of 5. Hence, there exists a number k € N such that for all # € 75 we have

[t*lo <k-[f4(lt],....|t]), where f* =root(s). (19)
To see this, note that for ¢ = f(zy,...,,) € Tp we have

o = [f)([n1]o, - [ta]o)
< [fﬁ}(bmax'|tl|a-~-abmax"tnD
< [fﬁ](bmaX'|t|v---vbmux"[D
< b 1At )e]),  since the degree of [f7] is at most m
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Hence,

irc, (n) < sup{[t*], | € Tp and |t| < n} by (18)
< k-[ff](n,....n) by (19).

Since the polynomials [f*] have at most degree m, we have t(irc, ) C Pol,,. a

Example 28 This TRS [1] illustrates Thm. 27, where q(x,y,y) computes L%j

a(0,5(y),s(z)) =0 als(x),s(y),2) =+ alx,y,2)  a(x,0,s(2)) = s(a(x,s(2),5(2)))
The dependency tuples D of this TRS are

a*(0,5(),s(z)) — CoMo  (20) o (s(x),5(y),2) = CoMm; (¢ (x,y,2)) Q1)
q*(x,0,s(z)) — CoM (q*(x,s(2),s(z))) (22)

As the usable rules are empty, Thm. 23 transforms the canonical DT problem to (D, D, ).
Consider the CPI [0] = 0, [s](x) = x+ 1, [q7](x,y,2) = x+ 1, [COMo] = 0, [CoM;](x) =
x. With the corresponding reduction pair, the DTs (20) and (21) are strictly decreasing
and (22) is weakly decreasing. Moreover, the degree of [qf] is 1. Hence, the reduction pair
processor returns (Poly, (D, {(22)},2)). However, no reduction pair based on CPIs orients
(22) strictly and both (20) and (21) weakly. So for the moment we cannot simplify this
problem further.

Apart from polynomial interpretations, our reduction pair processor could of course
also use matrix interpretations [9, 22, 24,26, 29], polynomial path orders (POP* [3]), etc.
For POP*, we would extend € by a complexity Pol, for polytime computability, where
Pol, T Pol, C— ?foralln € N.

5.3 Dependency Graph Processors

As in the DP framework for termination, it is useful to have a finite representation of (a
superset of) all possible chain trees.

Definition 29 (Dependency Graph) Let D be a set of DTs and R a TRS. The (D,R)-
dependency graph is the directed graph whose nodes are the DTs in D and there is an edge
from s — ¢ to u — v in the dependency graph iff there is a chain tree with an edge from a
node (s —t | 01) toanode (u — v | 02).

Every (D, R)-chain corresponds to a path in the (D, R)-dependency graph. While de-
pendency graphs are not computable in general, there are several techniques to compute
over-approximations of dependency graphs for termination, cf. e.g. [1]. These techniques
can also be applied for (D, R)-dependency graphs.

Example 30 For the TRS R from EX. 4, we obtain the following (D, R )-dependency graph,
where D = DT (R) and R are the gt- and p-rules.
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Q
[6t%(0.K) — CoMy (6) l——— gt (s(n).s(k)) — Comy (gt(n.k)) (8)|

[ (x,y) = CoMa (i (gt(x,), %), &t (x,¥)) (1) |—— gt"(s(1),0) = Comy (7)|
()

[if(true.x.y) — Com (m#(p(x).»). pE(x)) ()] i (false,x,y) — CoMg (3)]

’ p*(0) — CoMy (4) ‘ ’ p'(s(n)) — CoMy (5) ‘

For termination analysis, one can regard strongly connected components of the graph
separately and ignore nodes that are not on cycles. Such a strong form of modularity is not
possible for complexity analysis: If one regards the DTs D' = {(1),(2)} and D" = {(8)}
on the two SCCs of the graph separately, then both resulting DT problems (D', D', R;)
and (D", D", R1) have linear complexity. However, this allows no conclusions on the com-
plexity of (D, D, R) (which is quadratic). Nevertheless, it is often possible to remove DTs
s — ¢t that are leaves (i.e., s — t has no successors in the dependency graph). This yields
<’D1,D1,'R1>, where Dl = {(1), (2), (8)}

Theorem 31 (Leaf Removal Processor) Let (D, S, R) be a DT problem and let s —t € D
be a leaf in the (D, R)-dependency graph. By Pre(s — t) C D we denote the predecessors
of s =1, Le., Pre(s —t) consists of all DTs u — v where there is an edge from u — v to
s — t in the (D, R)-dependency graph. If s —t & S or Pre(s —t) C S, then the following
processor is sound: PROC((D,S,R)) = (Poly,(D\{s = t},S\{s = },R)).

Proof Let T be an arbitrary (D, R)-chain tree and let T’ result from removing all leaves
marked with s — ¢. Since s — 7 is a leaf in the dependency graph, it cannot occur in inner
nodes of the chain tree T. Hence, T’ is a (D \ {s — t},R)-chain tree. If s — 1 ¢ S, we
obviously have |T'|s = |T’|s\ (s} Hence, p s )y = UD\{s-1},8\{s—},R) and thus, the
processor is sound.

Otherwise, if Pre(s — 1) C S, let k be the maximal index of the compound symbols
CoMy occurring in Pre(s — t). Then T' can have at most 1+ k - |T'|py(s—) nodes labeled
with s — ¢ and hence |T'|s < |T|s\ (s} + 1K |T|pre(sse) < 14 (k41) - [T'| g\ {551} SO
for any u € T we have Cplx@_s,m(uﬁ) <1+ (k+1) - Cplxipy (551}, 8\ {51}, R) (u*) and
hence (p s.R) = UD\{s1},5\{s—1}.R)> Which proves the soundness of the processor. O

Note that a similar argument can also be used to remove whole SCCs without a succes-
sor. But since this is only possible if none of the DTs in the SCC is in S, this is rarely useful
in practice.

While the above processor only removes DTs that are leaves of the dependency graph,
the following processor can also be used to simplify non-leaf DTs by removing subterms
from their right-hand sides. More precisely, if s — COM,(#1,...,#,) is a DT where #; never
gives rise to edges in chain trees, then #; can be removed from the right-hand side COM,,(#;,
..., 1y). In the following processor, for any set S of DTs, let S[s—¢ / s—1'] denote the result
of replacing s =t by s = t'. Soif s—r € S, then S[s—1 / s =1’ = (S\ {s—t}) U{s—1'}
and otherwise, S[s—t / s—1'] = S.

Theorem 32 (Rhs Simplification Processor) Let (D, S, R) be a DT problem and let s —
t € Dwitht = COMy(t1,...,t,). Let I = {i,... iy} with 1 <i} <...<iy <n, such that
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I contains all i where t;,6 '%% ut holds for some u — v € D and some substitutions &
and T where so and ut are in normal form w.rt. R. Let t' = COM,,/(til,...,t,-n,), 124
Dis—1t /s—t), and &' = S[s—t / s—1']. Then the processor with PROC((D,S,R)) =
(Poly, (D', S',R)) is sound.

Proof Consider an arbitrary (D, R)-chain tree T. We show that replacing every occurrence
of s by s — 1 in T yields a (D', R)-chain tree T". As |T|s < |T'| s/, we have 1p s zy C
L s',r) and hence, the processor is sound.

Let (s — COM,(t1,...,1,) | o) be a node in T with children (u; — vy | 1), ..., (ux —
Vi | 7). Then there exist pairwise different iy, ..., i € {1,...,n} with t;,0 L>i‘R u;T;j for all
j€{1,...,k}. We have ij,...,i; €I and hence, replacing s — COM,(t1,...,t;) by s > ¢/
yields a (D', R)-chain tree. O

Example 33 To illustrate the leaf removal and rhs simplification processors, consider the
DT problem ({(23),(24)},{(23),(24)}, @) with the following dependency graph.

| F(s(x)) = Coms(F(x), g (3), b (x)) (23) — &(x) = Com (b (x)) (24) |

As Pre((24)) = {(23)} C S, the leaf removal processor removes (24) and returns ({(23)},
{(23)},9). The rhs simplification processor then removes the right-hand sides g*(x) and
h*(x) from (23), which results in the DT problem ({(25)},{(25)}, ) with

£ (s(x)) — Com, (F(x)). (25)

Note that the restrictions on S for the leaf removal processor are necessary for the sound-
ness.> Consider the variant P = ({(23),(24)},{(24)}, @) of the DT problem above, which
has a complexity of 1p = Pol;. Here, neither (24) ¢ S nor Pre((24)) C S holds. If we re-
moved (24) nevertheless, we would end up with ({(23)},2, ), which has the complexity
Pol().

In [18, 19], instead of using techniques like the rhs simplification processor, the authors
exploit dependency graphs by applying path detection (or path analysis) to simplify the
complexity analysis. We also experimented with an additional processor performing path
detection, but in our framework, this did not improve the analysis. The reason is that while
path detection would allow the removal of certain DTs from D, in most cases it does not
harm to keep these DTs in D. This is because our reduction pair processor can usually
easily orient these DTs weakly by interpreting their tuple symbols f* by constants [f?].

Finally, the following processor removes DTs that cannot be “reached” by evaluations
starting with basic terms. As a simple example consider a TRS with the rules f(s(g(x))) —
f(g(x)) and g(a) — a. The DT f#(s(g(x))) — CoM,(f*(g(x)),g(x)) resulting from the first
rule cannot occur in any chain tree for a term st with s € Tg, since its left-hand side con-
tains the defined symbol g. Thus, the DT can be removed from the canonical DT problem.
In this way, one can detect that this TRS has constant (and not linear) innermost runtime
complexity.

Theorem 34 (Unreachable DT Removal Processor) Let P = (D,S,R) be a DT problem.
Let M C D be the set of all DTs whose left-hand side does not contain any defined function
symbol from ;. Let N' C D be the set containing M and all DTs which are reachable from
M in the (D,R)-dependency graph. Then the following processor is sound: PROC(P) =
(Polp, (N,SNN,R)).

2 Thus, Thm. 31 is a corrected version of [27, Thm. 28], where these restrictions were missing.
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Proof Let T be a (D, R)-chain tree for s* where s € 7. Then the root node of 7T is labeled
with (u — v | ) where uc = s*. As s* does not contain any defined symbols from X, we
have u —v e M.
By the definition of the dependency graph, all DTs in the nodes of T' are reachable from
u — v in the (D, R)-dependency graph. Hence, all these DTs are contained in \V.
Thus, Cplxp s R) (s") = Cplx<N’5mN’R>)(su), which implies the soundness of PROC.
O

5.4 Knowledge Propagation

In the DP framework for termination, the reduction pair processor removes “strictly de-
creasing” DPs. While this is unsound for complexity analysis (cf. Ex. 25), we now show
that by an appropriate extension of DT problems, one can obtain a similar processor also for
complexity analysis.

Lemma 35 shows that we can estimate the complexity of a DT problem if we know the
complexity of all its predecessors in the dependency graph. The reason is that in any chain
tree, the number of occurrences of a DT in the tree is bounded by the number of occurrences
of its predecessors.

Lemma 35 (Complexity Bounded by Predecessors) Let (D,S,R) be a DT problem and
s =t €D. Then yp (1 RY & UD Pre(s—1),R)-

Proof Let k be the maximal index of the compound symbols COM;, occurring in Pre(s — t)
and let T be a (D, R)-chain tree. Thus, we have |T|(;_;} < 14k |T|py(s—s)> Which implies

CPIX(p (51} R) (W) <1+k- Cplx(D,Pre(s—n)'R)(uu) for any u € 7. Hence, 1p (1 r) E

UD,Pre(s—1),R)- a
Example 36  Consider the TRS from Ex. " Q "

28. By usable rules and reduction pairs, ’q (s(x),s(y),2) = CoMy (g (x,y,2)) (21)‘
we obtained (D, {(22)}, @) for D = {(20), ()

(21),(22)}. The leaf removal processor ’qﬁ(x,07s(z)) — CoM (g% (x,5(2),s(2))) (22)‘
yields (D', {(22)}, @) with D' = {(21),
(22)}. Consider the the (D',@)-dependency graph above. We have ypr j(22)},0) E
Up', {(21)},2) by Lemma 35, since (21) is the only predecessor of (22). Thus, the complexity
of (D', {(22)},) does not matter for the overall complexity, if we can guarantee that we

have already taken the complexity of (D', {(21)},9) into account.

Therefore, we now extend the definition of DT problems by a set X of DTs with “known”
complexity, i.e., the complexity of the DTs in K has already been taken into account. So a
processor only needs to estimate the complexity of a set of DTs correctly if their complexity
is higher than the complexity of the DTs in K. Otherwise, the processor may return an
arbitrary result. To this end, we introduce a “subtraction” operation © on complexities from
¢.

Definition 37 (Extended DT Problems, ©) Forc,d, € €,letcod=cifd Ccand coOd =
Poly if c Cd. Let R be a TRS, D a set of DTs, and S,K C D. Then (D,S,K,R) is
an extended DT problem and (DT (R),DT(R),d,R) is the canonical extended DT prob-
lem for R.> We define the complexity of an extended DT problem to be Yp,SsKR) =

3 Note that we cannot always assume that }C = D\ S, i.e., that we have already taken the complexity of
all DTs from D\ S into account. In particular the narrowing processor of Thm. 43 can yield DT problems
(D,S,K,R) where SUK # D.
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Up,s,R) ©Yp,k,R) and also use ¥ instead of t in the soundness condition for processors. So
on extended DT problems, a processor with PROC(P) = (¢, P’) is sound if yp C ¢ @ Ypr. An
extended DT problem (D, S, K, R) is solved if S = @.

So for K = @, the definition of “complexity” for extended DT problems is equivalent
to complexity for ordinary DT problems, i.e., ¥/p s,,7) = Up,s,R)- Cor. 38 states that our
approach is still correct for extended DT problems.

Corollary 38 (Correctness) If Py is the canonical extended DT problem for a TRS R and
P()«CL U Py is a proof chain, then i1 = ¥p, Ec1 @ ... Dy

The following lemma shows the connection between 1p s ) and ©.

Lemma 39 (Connection between 1p s ) and ©)

(a) Foranyc,d,e €€ wehavecOdCeiffcCdde.
(b) Forany §1,8; C D, we have up 5, R) O UD.5,,R) C UD,5,\5,.R)-

Proof For (a), if ¢ C d, we have both c©d = Poly C e and ¢ C d C d @ e. Otherwise, let
dCc.IfdCe,wehave cod=cCeiff cCd®e=ce.If e C d, then d C ¢ implies that
c@d = c C eis false. Similarly, then ¢ C d @ e = d is also false.

For (b), we obtain p s ) © Ups,R) E Ups)\s,r) Iff Yps, ) E Ups,r) @
Up,5,\S,,R) by (a). By Lemma 18 (a), this is equivalent to Up s, =) C Up s,u(5/\8,),R)-
As 81 C S U(S1\ Sr), this is obviously true. O

Now we introduce a processor which makes use of K. It moves a DT s — ¢ from S to K
whenever the complexity of all predecessors of s — ¢ in the dependency graph has already
been taken into account. So in particular, this means that nodes without predecessors (i.e.,
“roots” of the dependency graph that are not in any cycle) can always be moved from S to
K.

Theorem 40 (Knowledge Propagation Processor) Let (D,S,K,R) be an extended DT
problem, s —t € S, and Pre(s — t) C K. Then the following processor is sound: PROC( (D,
S8, K,R)) = (Poly, (D, S\ {s = t}, KU{s =1}, R)).

Proof We have to show ¥ip s k. R) T ¥(D,5\{s—1) KU{s—},R)- BY the definition of ¥, this is
equivalent to
Up.sR)OUD KR) & UD.S\[s—=11,R) O UD,KU{s—1},R)- (26)
From Lemma 35, we have Up (s1}.R) E UD.Pre({s—1})R) E UD.x,R)- Hence, Lemma 138
(b) implies YD KU{s—1}R) = UD K R) DUD {51}, R) = UD.K,R)- Thus for (26), it suffices to
show
UD S R) OUD KU{s—1},R) & UD,S\[s—=1},R) © UD,KU{s—1},R)- (27)
We consider two cases: If p (;1},®) C Up,s,R)> then Up s R) = Up,s,R) O UD 531}, R) E
Up,5\{s—},R) by Lemma 39 (b). Otherwise, i p s r) C Up (s—1}.R) T Up kufs—),R) and
thus 1p sR) © Up,Kufs—i},R) = Polo. In both cases, the required inequality (27) follows.
O

Before we can illustrate the knowledge propagation processor, we have to adapt the pre-
vious processors to extended DT problems. The adaptation of the usable rules, leaf removal,
rhs simplification, and unreachable DT removal processors is straightforward. But now the
reduction pair processor does not only delete DTs from S, but moves them to K. The reason
is that the complexity of these DTs is bounded by the complexity value ¢ € € returned by
the processor. (Of course, the special case of the reduction pair processor with polynomial
interpretations of Thm. 27 can be adapted analogously.)
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Theorem 41 (Processors for Extended DT Problems) Let P = (D,S,K,R) be an ex-
tended DT problem. Then the following processors are sound.

e The usable rules processor: PROC(P) = (Poly,(D,S,K,Ur (D))).

e The leaf removal processor: PROC(P) = (Polp,(D\ {s = t},S\ {s = t},K\ {s —
t},R)) if s =t is a leaf in the (D, R)-dependency graph, and s —t ¢ S or Pre(s —
1) CSUK.

e The rhs simplification processor: PROC(P) = (Poly, (D', S’ ,K[s—1t | s—1'|,R)) for D',
S’ s —t, andt' as defined in Thm. 32.

e The unreachable DT removal processor: PROC(P) = (Poly, (N, SNN,KNN,R)) for
N as defined in Thm. 34.

e The reduction pair processor: PROC(P) = (¢, (D, S\ Dy, KUD,,R)), if (Z,=) isa
CoM-monotonic reduction pair, D C ;U >, R C 7, and ¢ Ji(irc,.) for the function
irc, (n) = sup{dh(¢*,~) | € Tp, |t| < n}.

Proof The soundness of the usable rules processor follows as in Thm. 23.
For the leaf removal processor, let D' =D\ {s =}, =S\ {s—t},and K' =K\ {s —
t}. Note that 1 xr ») E Up x =) holds. We distinguish two cases.

e 5s—1 ¢ S: We have l('D,SJ{) = l(D’,SQR)? hence ’},(D,SJC,R) C y(’D’,S',IC’,R) follows by
Lemma 35.

e Pre(s — t) C SUK: Remember that UD {s—1},R) = UD' Pre(s—1),R) holds. Thus, we
have 1p (s1).R) C YD siukr R) = UDr,s7,R) © Lpr k7,R) by Lemma 18 (b) and hence,
UD {1}, R) E UD 8" R) OF UD {51}, R) & YD K/ R)- First consider the case UD {s—1},R)
C Up' s/ R)- Then Up.sR) = UD' .S R) and hence, Y>,5.KR) C Yo' s K\ R)- Other-
wise, we have up 1, Ry £ Upr.sR)s 1€ U s R) T UD, {s—1),R) C Ypr xRy and
therefore

Up.sR) = UD 8" R) BUD {s-1}.R) & YD k' R) E UDKR)-

But then ¥,p sk, r) = Polp and every processor is correct on such a problem.

The soundness of the rhs simplification and the unreachable DT removal processor fol-
low as in Thm. 32 and 34, respectively.

For the reduction pair processor, we have to show 1p C ¢ @ ¥p s\p, xup,. . r)- f 1P C ¢,
then this is obviously true. Now consider ¢ T ¥p. We have to prove ¥p C ¥ip s\p, xuD, ,R)>
which means 1p s R) ©UYp Kk, R) E UD.5\D,.,R) O YD, KUD, R)- For this, it suffices to show
@) yp.sr) E yp.s\p. r) and (il) Yp xup, R) T UD.SR)-

We first prove (i). As ¢ C Yp implies yp # Poly, we have yp = Up,s,r) and therefore
¢ C ip,s,Rr)- Moreover, from the proof of Thm. 26 we have 1p p_ z) E t(irc.- ) C c. Hence,
Lp.sR) =Up,sR) OCcEUpsr OUpp. R) E YD s\D, R)> using Lemma 39 (b) for the
last inequality.

Now we prove (ii). From Lemma 18 (b) and y/p p_ ) C ¢ we have

Up xup, R) = YD KR PUD D, R) E YD KR BC. (28)

Note that yp # Poly implies 1ip xRy C U/p,sR)- Together with ¢ C 1;p s ) this implies
Lp.x,R)DcC Up,sr) and hence (ii) follows with (28). ]
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Example 42 Reconsider the TRS R for division from Ex. 28. Starting with its canonical
extended DT problem, we now obtain the following proof chain.

({(20),(21),(22)}, {(20),(21),(22)}, @, R)
2l ({(21),(22)}, {(21),(22)}, @, R) (leaf removal)
Phoey, )y, {@D.22)), o, @) (usable rules)
bol ({(21),(22)}, {(22)}, {(21)}, @) (reduction pair)
Folo ({(21),(22)}, @, {(21),(22)}, @) (knowledge propag.)

For the last step we use Pre((22)) = {(21)}, cf. Ex. 36. Note that the last DT problem is
solved. Thus, 1r T Poly & Poly & Poly & Poly = Poly, i.e., R has linear complexity.

5.5 Transformation Processors

To increase power, the DP framework for termination analysis has several processors which
transform a DP into new ones (by “narrowing”, “rewriting”, “instantiation”, or “forward
instantiation”) [12]. We now show how to adapt such processors for complexity analysis.
For reasons of space, we only present the narrowing processor (the other processors can be
adapted in a similar way).

For an extended DT problem (D,S,K,R), let s — ¢ € D with t = COM,(t1,...,t,...,
t,). For each #;, we now define its narrowing substitutions and narrowing results. Note that if
s — t is followed by another DT u — v in a chain, then there is a reduction #;c iﬁ}‘z ut. The
idea of the narrowing processor is to perform the first step of this reduction already directly
on the DT s — ¢. Thus, whenever a subterm #;|z ¢ ) of #; unifies with the left-hand side of a
(variable-renamed) rule { — r € R using an mgu i where si is in R-normal form, then u is
called a narrowing substitution of t; and the corresponding narrowing result is w = t;[r|z ,u.4

Moreover, if there exists a (variable-renamed) u — v € D where #; and u have an mgu
M and both sut and upy are in R-normal form, then the reduction #;,06 l)}‘z ut could also be
performed in zero steps. So in this case, i is an additional narrowing substitution of t; and
the corresponding narrowing result is t;|L.

If uy,...,uy are all narrowing substitutions of #; with the corresponding narrowing re-
sults wy,...,wg, then s — ¢ can be replaced by su; — COMn(zluj, ce L M, WL i s

L) forall 1 < j<d.

However, there could be a ;, (with k # i) which was involved in a chain (i.e., %o l>i‘R ut
for some u — v € D and some o, T), but this chain is no longer possible when instantiating #;
to tx 1, ..., fxlqg. We say that t; is captured by U, ..., Uy if for each narrowing substitution
p of 1, there is a f1; that is more general (i.e., p = y;p’ for some substitution p’). The
narrowing processor has to add another DT s — COM,, (, , - - - , #x,, ) Where #, ..., %, are all
terms from tq,...,t, which are not captured by the narrowing substitutions p, ..., t; of ;.

This leads to the following processor. Here, we extend the notation introduced in Thm.
32 in order to replace a DT s — ¢ by a set M of DTs. For any sets D, M of DTs, D[s—t / M|
denotes the result of replacing s — ¢ by the DTs in M. So if s—¢ € D, then D[s—t / M] =
(DT \ {s—1}) UM and otherwise, D[s—1 / M| =

Theorem 43 (Narrowing Processor) Let P = (D, S, K, R) be an extended DT problem and
lets —t € Dwitht = COMy(t1,... ,ti,...,ty). Let Wi, ..., Uy be the narrowing substitutions

4 This definition of “narrowing substitutions” and “results” is a corrected version of the one in [27].
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of t; with the corresponding narrowing results wy,...,wy, where d > 0. Let ty,... 1y, be
the terms from t1,...,t, that are not captured by Uy, ..., U, where ky,... k, are pairwise
different. We define

M= {spj — COMu(t1fhj, -y i1 s Wi i1 My o ) | 1 < j < d}
U{s — CoMu(tr,,---+,)}-

Then the following processor is sound: PROC(P) = (Poly,(D',S',K',R)), where D' =
Dls—t/ M]and 8" = S[s—1t /| M]. K' results from K by removing s — t and all DTs
that are reachable from s — t in the (D, R)-dependency graph.

Proof W.l.o.g.let M and D be disjoint (otherwise, we apply a variable renaming on one
of them). Given a (D, R)-chain tree T, we construct a (D', R)-chain tree T’ by repeatedly
replacing every node of the form (s — ¢ | 6) by a new node of the form (sy — ¢’ | 6’) with
s — 1" € M. This implies ||,y = |T'| p and for any DT u — v ¢ {s — t} UM, we have
Tl {usvy = IT'|{u—sv}- However, we have to show the following two statements in order to
ensure that we still obtain a chain tree:

(A) Relation to predecessor: If (s — t | ) was the root node of the chain tree for so, then the
new node should also be the root node of a chain tree for 5o, i.e., we need so = suo’.
Otherwise, if (s — ¢ | o) had a predecessor (p — COMk(q1,...,qx) | p) with ¢;p EH%
5o, then the same relation should also hold for the new node (sy — t | G/), i.e., we need
q;jp % spo’. Note that this is obviously fulfilled if so = spo’.

(B) Relation to successors: Let (s — t | ¢) have the children labeled with (u; — vi|71), ...,
(e — ve|T.) for e > 0. Hence, there exist pairwise different indexes cy,...,c. € {1,...,
n} such that ., ¢ i%i;z u;tj forall 1 < j <e. When replacing (s — ¢ | ) by a new node
(s = t' | 0') with syt — 1 € M, we have to show that there exist pairwise different
indexes ¢/, ...,c, such that t’|C;_ o’ 3% u;t; forall 1 < j < e. Note that this is obviously

fulfilled if for all j we have #'|, 0" =1, 0.
J
‘We now distinguish three cases. For each of them, we show how to choose the new node
(st — 1" | 6’) such that the relations to the predecessor and to the successors in (A) and (B)

still hold.

e Case l:i€{cy,...,c.} (i.e., t; gave rise to a successor of (s =7 | )).

Thus, thereis a 1 < jo < e with i = cj,. Hence, t;,6 = le;, O —'>$2 Ujy Ty -

First regard the case where this reduction works in zero steps, i.e., ;0 = u, Tj,. W.l.o.g.,
we can assume that u, is variable-disjoint from #;. Then #; unifies with u;, using some
mgu p where 6 = po” and 7, = u 7, for some substitutions ¢’ and 7} . Since (s — | 0)
and (uj, = vj, | Tj,) are nodes in a chain tree, both so and u}, 7}, are in R-normal form.
This implies that sy and u, ¢ are also in R-normal form. Hence, #; has the narrowing
substitution p with corresponding narrowing result ;0. Thus, syt — t4 € M and we can
replace the node (s — ¢ | o) by (su — ¢ | 6'). For (A), we have spto’ = so. For (B), we
let ¢’; = ¢j forall 1 < j < e. Then we obtain t’|C} o' =1|;6' =t|;;uc’ =1t|;;0, which
implies (B).

Otherwise, the reduction t;0 %;z uj,Tj, takes at least one step. Let 7 be the position of
t;0 where the first reduction step takes place and let { — r € R be the rule used in this
step. We have m € Pos(t;) and t;|z ¢ V, since the reduction cannot be “in 6. Otherwise,
so would not be an R-normal form, due to V(¢;) C V(s). W.l.o.g., we can assume that £ is
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variable-disjoint from #;. Then we can extend & to the variables of ¢ such that #;|;0 = (o
and

0 = [,'[(]756 —I)R I,‘[F}EG L)% Uj, Tiy- (29)
Since o is a unifier of #;|; and ¢, they also have an mgu y with 0 = uo’ for some
substitution ¢’. Moreover, since so is in R-normal form, sy is in R-normal form as
well. Hence, p is a narrowing substitution of # and the corresponding narrowing result
is ti[r]z .
Lett' = CoMy(t1, ..., ti—1, ti[r]x, i1, - - - tn) 1. Then s — ¢’ € M and we replace the
node (s — 1| @) by (sit — ¢’ | ¢’). It remains to show that (A) and (B) hold.
(A) is satisfied since 0 = uo’ and hence, s6 = suo’. For (B), we let c’j = ¢; for all
1 < j <e. For jj, we now obtain

z’|c;06’ = 1'l¢;,0' = ti[r|zpt0’ = ti[r]z0 S u), )

by (29). For j # joy, we have t’|5;6’ =1'l;,0' =t|,u0’ =1t|.;0, so (B) follows.

e Case2:i¢ {ci,...,c.} and none of t,.. ., 1, is captured by p1,..., lg.
Hence, {ci,...,cc} C {ki,...,kn}. We choose sit — ' to be s — COM,(tx, - - -, t,)
(i.e., U is the identity) and we choose 6’ = ¢. This implies s6 = spo’ and thus, (A)
holds. Moreover for every c;, there exists an ¢’; with COMy, (t, , .-, 7, )| ¢ = lejs since
cj€{ki,...,kp}. Thus, [/|c;-6/ = COMp (k- - ka)‘c;.G = t;0, which proves (B).

e Case3:i¢ {ci,...,c.} and at least one of ¢, ..., 1, is captured by uy, ..., lUg.

Let 1 < jo < e such that le;, is captured by ui,..., t . We have le;, O Lﬁz uj,Tj,- Asin
Case 1, this implies that there exists a narrowing substitution i of 7., with 6 = 6 for
some substitution 6. Since lej, is captured by Up,..., Uy, there is a 1 < j; < d where
L, is more general than p, i.e., 4 = p1;, G for some substitution 6. We define 0’ = 66
which implies ¢ = 11, 6". Now we replace (s — ¢ | 6) by (su;, — ¢ | 0’) where ' =
COMn(l‘ll,le, o oMy, Wi tir s - Ty ) Then (A) holds, since so = SUj, o’
For (B), we let ¢’; = ¢; for all 1 < j <e. Since i ¢ {c1,...,c.}, we obtain #'|s 6" =
J
t'|¢;0" = tc;14j, 6" = 1.0, which implies (B).

Thus, for any (D, R)-chain tree T for a w* € T* there exists a (D', R)-chain tree T’
for wf where T |5 = |T'|rm and for any DT u — v ¢ {s — 1} UM, we have |T (., =
|T'|{u—sv}- Hence, for any w? € 7% and any S C D with 8’ = S[s —1 / M], we have
Cplx<D’$’R> (W:) < Cplx@/’Sl’R) (Wj). This implies l(D,S,R) C l('D’,SQR)'

Moreover, if X C D and K’ results from K by removing s — ¢ and all DTs that are
reachable from s — ¢ in the (D, R)-dependency graph, then K’ also contains no DT that
is contained in M or reachable from M in the (D’,R)-dependency graph. Hence, for
Cplxp o' R) (wh) or Cplxpr o1 ) (wh) it suffices to consider chain trees not containing s — ¢
or DTs from M. Such chain trees are both (D, R)- and (D', R)-chain trees. Hence, we ob-
tain Cplx@’,gﬁm(wﬁ) = Cplxpr 1 r) (w#) for all w# € T# and thus, 1p xRy = LD K/ R)-
As K C K, we have UD,K!\R) C UD,K,R) and hence Up K\ R) C UD.KC,R)-

From l(’D,&R) C l(D’,S’,R) and l(D’.IC’.R) C l(D,)C.R)s we obtain Yp C }/(D’,S’,K’,R)a ie.,
the narrowing processor is sound. a

Example 44 To illustrate the narrowing processor, consider the following TRS.

f(c(n,x)) = c(f(glc(n,x))), f(h(c(n,x))))  &(c(0,x)) =x  h(c(L,x)) = x
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So f operates on “lists” of Os and 1s, where g removes a leading 0 and h removes a lea-
ding 1. Since g’s and h’s applicability “exclude” each other, the TRS has linear (and not
exponential) complexity. The leaf removal, rhs simplification, and the usable rules processor
give the problem ({(30)}, {(30)}, @, {g(c(0,x)) — x, h(c(1,x)) — x}) with

#(c(n,x)) — Coma(f (g(c(n,x))), F(h(c(n.x)))) (30)

The only narrowing substitution of t; = f*(g(c(n,x))) is [n/0] and the corresponding nar-
rowing result is f*(x). However, t, = f*(h(c(n,x))) is not captured by the substitution [n/0],
since [n/0] is not more general than t,’s narrowing substitution [n/1]. Hence, the DT (30) is
replaced by the following two new DTs:

f(c(0,x)) — CoMy(F(x), f(h(c(0,x)))) (31
f(c(n,x)) = CoM; (F(h(c(n,x)))) (32)

By applying the narrowing processor again, we replace (32) by f(c(1,x)) — CoMm; (f*(x))
and f*(c(n,x)) — COMy. One can also simplify (31) further to (c(0,x)) — Com; (f(x))
by the rhs simplification processor. Now 1 T Pol; is easy to show by the reduction pair
processor.

Example 45 Reconsider the TRS of Ex. 4. The canonical extended DT problem is trans-
formed to (Dy,D;,2,R1), where D; = {(1),(2),(8)} and R, are the gt- and p-rules, cf. Ex.
30. Inm?(x,y) — CoMa (iff (gt(x,y),x,y),gt?(x,y)) (1), one can narrow t; = if* (gt(x, y),x,y).
Its narrowing substitutions are [x/0,y/k], [x/s(n),y/0], and [x/s(n),y/s(k)]. Note that t; =
gt’(x,y) is captured, as its only narrowing substitution is [x/s(n),y/s(k)]. So (1) can be
replaced by

m®(0,k) — CoM,(if* (false, 0, k), gt*(0,k)) (33)
( (n),0) — COMz(ifj(true,s( ),0 gtj(s(n ),0)) (34)
m?(s(n),s(k)) — Comy(if(gt(n,k),s(n),s(k)), gt*(s(n),s(k))) (35)
m?(x,y) — COMy (36)

The leaf removal processor deletes (33) and (36), and the rhs simplification processor sim-
plifies (34) to

mf(s(n),0) — CoM (if* (true,s(n),0)) (37)

This yields (D>, D>, @, R1) with Dy = {(3 ), (35),(2),(8)}. Now the narrowing processor
replaces ift (true, x,y) — CoMa(m?(p(x),y),p"(x)) (2) by

if* (true,0,y) — CoMa(m*(0,y),p*(0)) (38)

ift(true,s(n),y) — COM2(m#(n,y), p*(s(n))) (39)

|fu(true,x,y) — CoMg (40)

The leaf removal processor deletes (38) and (40), and the rhs simplification processor trans-
forms (39) into

|fﬁ(true s(n),y) = CoM;(m Ii(n,y)) 41)
Now the usable rule processor removes the p-rules from R . This yields (D3, D3,2,R5),

where D3 = {(37),(35),(41),(8)} and R, are the gt-rules. By the polynomial interpretation
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[0] = [true] = [false] = 0, [s](x) = x+2, [gt](x,y) = [gt¥](x,y) = x. [m¥](x,y) = (x+1)?,
[if*](x,y,2) = y?, all DTs in Dj are strictly decreasing and all rules in R are weakly de-

creasing. So the reduction pair processor yields (D3, D3, 2, R2) Pola (D3,9,D3,Ra). As this

DT problem is solved, we obtain iz C Poly & ... @ Poly ® Pol, = Poly, i.e., R has quadratic
complexity.

Note that in Thm. 43, we cannot define K’ = K[s—¢ / M)], because the narrowing step
performed on s — ¢ does not necessarily correspond to an innermost reduction. Hence, there
can be (D', R)-chains that correspond to non-innermost reductions with DUR. So there may
exist terms whose maximal (D', R)-chain tree is larger than their maximal (D, R )-chain tree
and thus, Lpr s/ M),R) 2 YD k,R)- But we need ypr xr ry £ Up k,R) in order to guar-
antee the soundness of the processor, i.e., to ensure that ¥p s x,R) = Up,5,R) O UD K, R) =
Up.s'R) O U k', R) = Y(D,5 k', R)- For the same reason, applying the narrowing proces-
sor can increase the complexity of a DT problem. This is demonstrated in the following
example.

Example 46 Let R = {g(h(x)) — x, h(s(x)) — 0} and let D be the following set:

f(s(x)) — Coms(F(g(h(x))),F(g(h(x))),g"(x)) (42)
g(c(x)) — Com; (g% (x)) 43)

Consider the DT problem P = (D, {(43)},{(42)},R). This problem has the following de-
pendency graph.

Q
(2 ——{ )]

Note that there is no loop from (42) to itself, as no instance of f*(g(h(x))) has an innermost
reduction to a term of the form f*(s(...)). Therefore, this problem has the complexity yp =
Pol,. By narrowing, we can replace (42) by

f(s(x)) — Coms(f (x),F(g(h(x))), " (x)) (44)
fj(s(x)) — CoMy, (45)

where (45) is deleted by the leaf removal processor. If we had defined K' = K[s —t / M]
in Thm. 43, we would result in P’ = ({(44), (43)},{(43)},{(44)},R). But P' has the com-
plexity yp = Poly and hence the narrowing processor would not be sound. With the correct
definition, the result is P = ({(44),(43)},{(43)},9,R) which still has linear complexity.
Narrowing again replaces (44) by

fi(s(x)) — Coms(f(x), F(x),g* (x)) (46)

and (45) (which is again deleted by leaf removal). Now the resulting problem P"' = ({(46),
(43)},{(43)},2,R) has exponential complexity. Thus, the narrowing processor does not
always preserve complexity.
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CaT
Poly | Pol, Pol, | Poly | no result Yy
Poly E 199 E 2 144 343
w Pol; . 96 10 . 95 201
2 [ Popy = 15 = = 67 82
a Pol; s s = = 13 13
< Thoresult | - 6 2 1 601 610
Y 0 | 316 | 12 1 920 1249
Fig.2 AProVE vs. CaT
TCT
Poly | Pol; Pol, | Poly | no result Yy
Poly 1 209 3 2 125 343
w Pol; . 128 | 19 . 54 201
2 [ Poh - 24 | 17 - 41 32
a Pols s s = = 13 13
< Moresult | - 29 13 = 568 610
)y 1 390 | 57 0 301 1249

Fig.3 AProVEvs. TCT
6 Evaluation and Conclusion

We presented a new technique for innermost runtime complexity analysis by adapting the
termination techniques of the DP framework. To this end, we introduced several processors
to simplify “DT problems”, which gives rise to a flexible and modular framework for au-
tomated complexity proofs. Thus, recent advances in termination analysis can now also be
used for complexity analysis.

To evaluate our contributions, we implemented them in the termination prover AProVE
and compared it with the complexity tools CaT 1.5 [30] and TCT [2]. As suggested by the
authors of TCT, we used its development version id ccf74e291a. We ran the tools on 1249
TRSs from the category “Runtime Complexity — Innermost Strategy” of the Termination
Problem Data Base used in the full run of the International Termination Competition 2012.
For more information on the termination competition, see http://www.termination-
portal.org/wiki/Termination_Competition. We omitted the 60 TRSs which contain
rules with extra variables on the right-hand side, since they are trivially non-terminating.
As in the competition, each tool had a time limit of 60 seconds for each example. Fig. 2
compares CaT and AProVE. For instance, the first row means that AProVE showed constant
complexity for 343 examples.® On those examples, CaT proved linear complexity in 199
cases and failed in 144 cases. So in the light gray part of the table, AProVE gave more
precise results than CaT. In the 'medium gray part, both tools obtained equal results. In the
dark gray | part, CaT was more precise than AProVE. Similarly, Fig. 3 compares TCT and
AProVE.

So AProVE showed polynomial innermost runtime for 639 of the 1249 examples (51 %).
(Note that the collection also contains many examples whose complexity is not polynomial.)
In contrast, CaT resp. TCT proved polynomial innermost runtime for 329 (26 %) resp. 448
(36 %) examples. Even a “combined tool” of CaT and TCT (which always returns the better
result of these two tools) would only show polynomial runtime for 501 examples (40 %).
Hence, our contributions represent a significant advance. This also confirms the results of
the Termination Competition 2010 — 2012, where AProVE won the category of innermost

5 More precisely, the table gives the numbers of TRSs R where the respective tool proved that 15 is at
most Poly.
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Processor [ No. of Applications

reduction pair processor 660
leaf removal processor 448
unreachable DT removal processor 389
rhs simplification processor 263
narrowing processor 225
knowledge propagation processor 73
match-bounds 31
instantiation processor 13
rewriting processor 9
forward instantiation processor 5

Fig. 4 Impact of different DT processors

runtime complexity analysis. (In contrast to CaT and TCT, AProVE did not participate in
any other complexity categories as it cannot analyze derivational or non-innermost runtime
complexity.) AProVE also succeeds on Ex. 4, 28, and 44, whereas CaT fails on them and
TCT fails on Ex. 4 and 44. (TCT can determine linear complexity for Ex. 28, and Ex. 25
can be analyzed by all three tools.)

Fig. 4 examines the impact of the different DT processors. For each processor, the table
states how often it was applied in (successful) proofs (i.e., in proofs where AProVE could
infer polynomial innermost runtime within the time limit). Of course, some processors (like
the reduction pair processor) were applied several times within the same proof. Here, we
used a reduction pair processor with polynomial interpretations which was combined with
the usable rule processor. In this way, one can use the refinement of [12] to compute us-
able rules w.r.t. argument filterings (i.e., when determining the usable rules one does not
have to consider those positions which are “filtered away” by the reduction pair). The in-
stantiation, rewriting, and forward instantiation processors are analogous to the narrowing
processor (i.e., they adapt the techniques of instantiating, rewriting, and forward instanti-
ating dependency pairs from [12] to complexity analysis). Finally, we also integrated the
approach of [10] to use match-bounds for complexity analysis. This approach is particularly
useful for string rewrite systems, and AProVE applied it to infer complexity bounds for 31
of the 1249 examples in the collection.

The proof strategy used in AProVE was to first simplify the initial DT problem by the un-
reachable DT removal, rhs simplification, leaf removal, and knowledge propagation proces-
sors. Afterwards, we try to apply the reduction pair processor with polynomial orders and (in
parallel, although delayed by 6 seconds) the transformation processors. For the transforma-
tion processors, we attempt narrowing first and then try the other transformations in parallel.
A successful application of the reduction pair processor is always followed by knowledge
propagation, a successful application of a transformation processor is followed by a simpli-
fication of the remaining problem. If this strategy does not succeed in 45 seconds, we also
try to apply the match-bounds approach in parallel.

The motivation for this strategy is as follows: unreachable DT removal, rhs simplifi-
cation, leaf removal, and knowledge propagation are fast (no search is needed) and they
obviously simplify the problem whenever they are applicable. Hence, they are used as early
and as often as possible. In particular, we apply them again after transformation processors,
as these processors may change the structure of the dependency graph (and hence lead to
new opportunities for simplification). The reduction pair processor needs to search for a
suitable reduction order and hence might be slow. However, if applicable, the reduction pair
processor always simplifies the problem, so we prefer it to the transformation processors.
As shown in Ex. 46, transformation processors do not always preserve the complexity of
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AProVE without rhs simplification and unreachable DT removal processor
Poly | Poly | Pol, | Poly | no result Yy
w Poly 131 117 15 1 79 343
> Pol, 2 171 12 - 16 201
a Pol, - 7 60 1 14 82
< Poly - - 1 7 5 13
= [(noresult | = - 1 - 609 610
Y 133 | 295 89 9 723 1249

Fig. 5 Impact of the rhs simplification and the unreachable DT removal processor

a DT problem (the transformed problem might have a larger complexity than the original
one) and, as for termination analysis, transformation processors are potentially applicable
infinitely often, cf. [12].

To evaluate the usefulness of the rhs simplification processor and the unreachable DT
processor (which are new compared to the preliminary version of the current paper in [27]),
we also tested the full version of AProVE against a variant where we disabled these two
processors. As shown in the table of Fig. 5, this variant is substantially weaker. While the
full version of AProVE showed polynomial innermost runtime for 639 examples (51 %),
this restricted variant only succeeded for 526 TRSs (42 %). In particular, the new processors
help to detect more examples with constant complexity. (That there are also a few examples
where the restricted variant obtained more precise complexity bounds is due to the heuris-
tics and internal time-limits of AProVE, which determine its strategy to apply the different
processors.)

For details on our experiments and to run our implementation in AProVE via a web
interface, we refer to http://aprove.informatik.rwth-aachen.de/eval/Complexity/.
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